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ABSTRACT: We show that 4D gauge theories with Green-Schwarz anomaly cancellation and
possible generalized Chern-Simons terms admit a formulation that is manifestly covariant
with respect to electric/magnetic duality transformations. This generalizes previous work
on the symplectically covariant formulation of anomaly-free gauge theories as they typi-
cally occur in extended supergravity, and now also includes general theories with (pseudo-
Janomalous gauge interactions as they may occur in global or local N' = 1 supersymmetry.
This generalization is achieved by relaxing the linear constraint on the embedding tensor so
as to allow for a symmetric 3-tensor related to electric and/or magnetic quantum anomalies
in these theories. Apart from electric and magnetic gauge fields, the resulting Lagrangians
also feature two-form fields and can accommodate various unusual duality frames as they
often appear, e.g., in string compactifications with background fluxes.
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1. Introduction

In field theories with chiral gauge interactions, the requirement of anomaly-freedom imposes
a number of nontrivial constraints on the possible gauge quantum numbers of the chiral
fermions. The strongest requirements are obtained if one demands that all anomalous
one-loop diagrams due to chiral fermions simply add up to zero.

These constraints on the fermionic spectrum can be somewhat relaxed if some of the
anomalous one-loop contributions are instead cancelled by classical gauge-variances of cer-
tain terms in the tree-level action. The prime example for this is the Green-Schwarz
mechanism [[l]. In its four-dimensional incarnation, it uses the gauge variance of Peccei-

Quinn terms of the form aF A F, with a(z) being an axionic scalar field and F some vector



field strengths, under gauged shift symmetries of the form a(z) — a(z) + cA(x), where
A(x) is the local gauge parameter and c a constant. Gauge variances of this form may can-
cel mixed Abelian/non-Abelian as well as cubic Abelian gauge anomalies in the quantum
effective action. The Abelian gauge bosons that implement the gauged shift symmetries
of the axions via Stiickelberg-type gauge couplings correspond to the anomalous Abelian
gauge groups and gain a mass due to their Stiickelberg couplings. If their masses are
low enough, these pseudo-anomalous gauge bosons might be observable and could possibly
play the role of a particular type of Z’-boson. The phenomenology of such Stiickelberg
Z'-extensions of the Standard Model was studied in various works [B-[L0], which were in
part inspired by intersecting brane models in type II orientifolds, where the operation of a
4D Green-Schwarz mechanism is quite generic [[LT].!

In [[§-R0], however, it has recently been pointed out that in these orientifold com-
pactifications, the Green-Schwarz mechanism is often not sufficient to cancel all quantum
anomalies.? In particular, the cancellation of mixed Abelian anomalies between anomalous
and non-anomalous Abelian factors in general needs an additional ingredient, so-called
generalized Chern-Simons terms (GCS terms), in the classical action. GCS terms are of
the schematic form AANAANdA and ANANAN A, where the vector fields A are not all the
same. It is quite obvious that GCS terms are not gauge invariant, and it is precisely this
gauge variance that can be used in some cases to cancel possible left-over gauge variances
from quantum anomalies and Peccei-Quinn terms. Interestingly, these GCS terms indeed
do occur quite generically in the above-mentioned orientifold compactifications [[I§, ().
Phenomenologically, they provide extra trilinear (and quartic) couplings between anoma-
lous and non-anomalous gauge bosons, which, given a low Stiickelberg mass scale, may lead
to Z'-bosons with possibly observable new characteristic signals [[[§—P(].

In [g], it is shown how models with all three ingredients (each of which individually
breaks gauge symmetry):

(i) anomalous fermionic spectra,
(ii) Peccei-Quinn terms with gauged axionic shift symmetries,
(iii) generalized Chern-Simons terms,

can be compatible with global and local N' = 1 supersymmetry. This compatibility is
non-trivial, because a violation of gauge symmetries usually also triggers a violation of
the on-shell supersymmetry, as is best seen by recalling that in the Wess-Zumino gauge
the preserved supersymmetry is a combination of the original superspace supersymmetry
and a gauge transformation. Due to the presence of the quantum gauge anomalies, one
therefore also has to take into account the corresponding supersymmetry anomalies of the
quantum effective action, as they have been determined by Brandt for N' = 1 supergravity
in [27, R§]. A recent application of the theories studied in [R§] to globally supersymmetric
models with interesting phenomenology appeared in [Rg].

!For more details on intersecting brane models, see, e.g. the reviews [@7@ and references therein.

2See also @7@]



While in [[i§, the general interplay of all the above three ingredients is discussed,
it should be emphasized that not all three ingredients necessarily need to be present in a
gauge invariant theory. This is obvious from the original Stiickelberg Z’-models [J—[L0],
which do not have GCS terms. However, one can also construct purely classical theories,
in which only the last two ingredients (ii) and (iii), i.e. the gauged shift symmetries and
the GCS terms, are present and the fermionic spectrum is either absent or non-anomalous.
In fact, it was in such a context that GCS terms were first discussed in the literature.
More concretely, their possibility was first discovered in extended gauged supergravity
theories [Bd], which are automatically free of quantum anomalies due to the incompatibility
of chiral gauge interactions with extended 4D supersymmetry. The ensuing papers [B1]- 0]
likewise remained focused on — or were inspired by — the structures found in extended
supergravity. Recently, axionic gaugings and GCS terms were also considered in the context
of global A = 1 supersymmetry in [[]. In all these cases, the absence of quantum anomalies
restricts the form of the possible gauged axionic shift symmetries.

Another very important example in this context is the work [, which combines
classically gauge invariant local Lagrangians that may also include Peccei-Quinn and GCS
terms with the concept of electric/magnetic duality transformations. In four spacetime
dimensions, a field theory with n Abelian vector potentials and no charged matter fields
admits reparametrizations in the form of electic/magnetic duality transformations. Those
transformations that leave the set of field equations and Bianchi identities invariant are the
rigid (or global) symmetries of the theory and form the global symmetry group Giigia. In
section B.9, we will discuss how, in general, Ghigia is contained in the direct product of the
symplectic duality transformations that act on the vector fields and the isometry group of
the scalar manifold of the chiral multiplets: Gyigiq € Sp(2n,R) x Iso(Mgcalar)-

Note, however, that the Lagrangians that encode the field equations are in general not
invariant under such rigid symmetry transformations, as the latter may involve nontrivial
mixing of field equations and Bianchi identities. Moreover, the fields before and after a
symmetry transformation are, in general, not related by a local field transformation.

In order to gauge a rigid symmetry in the standard way (i.e., in order to introduce
charges for some of the fields), one needs to be able to go to a symplectic duality frame
in which the symmetry leaves the action invariant. This automatically implies that the
symmetry is also implemented by local field transformations. This would then allow the
introduction of minimal couplings and covariant field strengths for the electric vector po-
tentials in the Lagrangian in the usual way. This standard procedure obviously singles out
certain duality frames and breaks the original duality covariance.

In [, it was shown how one can nevertheless reformulate 4D gauge theories in such a
way as to maintain, formally, the full duality covariance of the original ungauged theory. In
order to do so, the authors consider electric and magnetic gauge potentials (AHA, Aun) (A=
1,...,n) at the same time and combine them into a 2n-plet, AMM (M =1,...,2n) of vector
potentials. Introducing then also a set of antisymmetric tensor fields, an intricate system
of gauge invariances can be implemented, which ensures that the number of propagating
degrees of freedom is the same as before. The coupling of the electric and magnetic vector
potentials to charged fields is then encoded in the so-called embedding tensor ©,/* =



(0%, 01), which enters the covariant derivatives of matter fields, ¢, schematically,
(0 — AMON"60)0 . (1.1)

Here, a = 1,...,dim(Guigiq) labels the generators of the rigid symmetry group, Giigid,
acting as d,¢ on the matter fields. In general, the gauge group also acts on the vector
fields via (2n x 2n)-matrices,

(XNt = Xun? = 00 (ta)n?, (1.2)

where the (t,)nT are in the fundamental representation of Sp(2n,R).

The embedding tensor has to satisfy a quadratic constraint in order to ensure the
closure of the gauge algebra inside the algebra of Gyigia. In 2], this fundamental constraint
is supplemented by one additional constraint linear in the embedding tensor, which can be

written in terms of the above-mentioned tensor X n%, as?

Xun®Qpyo =0, (1.3)

where Qpg is the symplectic metric of Sp(2n,R). This constraint is sometimes called the
“representation constraint”, as it suppresses a representation of the rigid symmetry group
in the tensor Xy/n'. Together with the quadratic constraint, it ensures mutual locality
of all physical fields that are present in the action.* The full physical meaning of this
additional constraint, however, always remained a bit obscure, and was inferred in [f7]
from identities that are known to be valid in N'= 8 or N/ = 2 supergravity.

In this paper, we propose a physical interpretation of this representation constraint and
recognize it as the condition for the absence of quantum anomalies. Quantum anomalies
are automatically absent in extended 4D supergravity theories, and so it is no surprise,
that the internal consistency of N'= 8 or N/ = 2 supergravity always hinted at the validity
of the constraint ([L.J).

We then go one step further and show that if quantum anomalies proportional to a
constant, totally symmetric tensor,® dyyp, are present, the representation constraint ([L.J)
has to be relaxed to

Xun9Qpyg = dunep, with  dynp = Ou“ON"OpTdyg, , (1.4)

to allow for a gauge invariant quantum effective action. Here d,g, is a symmetric ten-
sor that will be defined by the anomalies. We show explicitly how the framework of [7]

3This constraint was considered in [@] for general A/ and in particular for N' = 1 gauged supergravity and
generalizes an analogous condition originally found in . In the context of rigid N' = 1 supersymmetry,
its electric version already appeared in [@]

1A subtlety arises for generators d, that have a trivial action on the vector fields, i.e., (ta)MN =0. In
that case the mutual locality of the corresponding electric/magnetic components of the embedding tensor
should be imposed as an independent quadratic constraint.

5The tensor dynp is the one that defines the consistent anomaly in the form given in equation )
As the gauge symmetry in the matter sector is implemented by minimal couplings to the gauge potentials
dressed with an embedding tensor, as can be seen from (m), the tensor dysnp must be of the form (Q)



has to be modified in such a situation and that the resulting gauge variance of the clas-
sical Lagrangian precisely gives the negative of the consistent quantum anomaly encoded
in dM NP-

Our work can thus be viewed as a generalization of [iJ to theories with quan-
tum anomalies or, equivalently, as the covariantization of [[[§, Pd] with respect to elec-
tric/magnetic duality transformations, and includes situations in which pseudo-anomalous
gauge interactions are mediated by magnetic vector potentials. While already interesting
in itself, our results promise to be very useful for the description of flux compactifications
with chiral fermionic spectra, as e.g. in intersecting brane models on orientifolds with fluxes,
because flux compactifications often give 4D theories which appear naturally in unusual
duality frames and contain two-form fields.

The outline of this paper is as follows. In section B}, we briefly recapitulate the re-
sults of [Rg], adapted to the notation of [2. Section [J then gives the symplectically
covariant framework of [I7] in a more general treatment without using the representation
constraint ([.3). In section [| we show how the formalism of [iJ] has to be modified in order
to accommodate quantum anomalies involving the relaxed representation constraint ([[.4).
We flesh out our results with a simple nontrivial example in section [ and conclude in
section f.

2. Anomalies, generalized Chern-Simons terms and gauged shift symme-
tries in A/ = 1 supersymmetry

In this section, we summarize the results of [26] which will later motivate our proposed
generalization ([[.4) of the original constraint ([.J).

In a generic low energy effective field theory, the kinetic and the theta angle terms of
vector fields, A“A, appear with scalar field dependent coefficients,’

Lok = ieIAg(z, 2) Fu FHE — %RAE(;;, )P0 F Fpe™ . (2.1)
Here, .7-"WA = ZO[MAV]A + XEQAAuZAVQ denotes the non-Abelian field strengths with
X = X[EQ}A being the structure constants of the gauge group. We use the metric
signature (— + +4) and work with real 9123 = 1. As usual, e denotes the vierbein
determinant. The second term in (R.1]) is often referred to as the Peccei-Quinn term, and the
functions Zxx(z, 2) and Rx(z, Z) depend nontrivially on the scalar fields, z¢, of the theory.
One can combine these functions to a complex function Nax(z, z2) = Rax(z, 2) +1Zaxn(z, 2).
In a supersymmetric context, Nax(z, Z) has to satisfy certain conditions, depending on the
amount of supersymmetry. In N’ = 1 global and local supersymmetry, which will be the

5To compare notations between this paper, ref. [E] and ref. [@]7 note that the vector fields were denoted
as W, in [@]7 and are here and in [@] denoted as A,* (upper greek letters are electric indices). In [E],
the kinetic matrix for the vector multiplets is, as in most of the N' = 1 literature, denoted as fap, which
corresponds to —iN Ry, in this paper. The structure constants fABC of [E] correspond to the XAEQ = ngQ
here, and the axionic shift tensors Cap,c of [@] are now called Xazo = Xama) = Csaa. To compare
formulae of [@] to those here and in [@], the Levi-Civita symbol €#”?° appears in covariant equations with
opposite sign (but o123 = 1 is valid in both cases due to another orientation of the spacetime directions).



subject of the remainder of this section, AMys; = Nyx(Z) simply has to be antiholomorphic
in the complex scalars of the chiral multiplets.

If, under a gauge transformation with gauge parameter A“(z), acting on the field
strengths as 5(A),7-'f}l, = AE.E?VXQEA, some of the z' transform nontrivially, this may
induce a corresponding gauge transformation of AMyx(Z). In case this transformation is of
the form of a symmetric product of two adjoint representations of the gauge group,

S(MNas = Ao Ny, SaNas = Xaoa' Nsr + Xos' Mar, (2.2)

the kinetic term (P.]) is obviously gauge invariant. This is what was assumed in the action
of general matter-coupled supergravity in [{3].”
If, however, one takes into account also other terms in the (quantum) effective action,

a more general transformation rule for Ny (Z) may be allowed:
SaNas = —Xaas + Xaa ' Ner + Xos' Mar. (2.3)

Here, Xqay is a constant real tensor symmetric in the last two indices, which can be
recognized as a natural generalization in the context of symplectic duality transforma-
tions [[t], Rg]. Closure of the gauge algebra requires the constraint

XoasXre®? + 2X5="Xrja0 + 2X0 2" Xrymo = 0. (2.4)

If Xy is non-zero, this leads to a non-gauge invariance of the Peccei-Quinn term in Ly :
1
6(A)£gk = gg,ul/po XQAZAQfMVAprE . (25)

For rigid parameters, A = const., this is just a total derivative, but for local gauge
parameters, A% (x), it is obviously not.

In order to understand how this broken invariance can be restored, it is convenient to
split the coefficients Xqay into a sum,

Xoaw = XoAs + Xors,  Xodw = Xaay,  Xioaw) =0 (2.6)

where Xf(zsj)\E is completely symmetric, and X((zn;\)z denotes the part of mixed symmetry.

Terms of the form (P.J) may then in principle be cancelled by the following two mechanisms,
or a combination thereof:

(i) As was first realized in a similar context in N' = 2 supergravity in [B{] (see also
the systematic analysis [BI]), the gauge variation due to a non-vanishing mixed part,
XSR)E # 0, may be cancelled by adding a generalized Chern-Simons term (GCS term)
that contains a cubic and a quartic part in the vector fields,

1 3 =
Lacs = 5 Xpw (AuQA,,AapACE, +3 XFEEAHQA,,AA,,FAU“> C@27)

"This construction of general matter-couplings has been reviewed in [@] There, the possibility (E)
was already mentioned, but the extra terms necessary for its consistency were not considered.



This term depends on a constant tensor Xg;\sz), which has the same mixed symmetry

structure as ngl\)z The cancellation occurs provided the tensors ngl\)z and Xf(g\sz)
are, in fact, the same. It was first shown in [l that such a term can exist in rigid
N = 1 supersymmetry without quantum anomalies.

If the chiral fermion spectrum is anomalous under the gauge group, the anomalous
triangle diagrams lead to a non-gauge invariance of the quantum effective action I'
for the gauge symmetry: §(A)L = [ d*z AL Ay of the form

1 3 =
A = —16‘“"’0 [26192/\3“141,2 + (dQEI‘XAEE + §dQEAXFEE> AMFAV“} 9,4,
(2.8)
with a symmetric® tensor doax. If
XSy = doas | (2.9)

this quantum anomaly cancels the symmetric part of (.§). This is the Green-Schwarz
mechanism.

In [R€], it was studied to what extent a general gauge theory of the above type (i.e.,

with

gauged axionic shift symmetries, GCS terms and quantum gauge anomalies) can

be compatible with N/ = 1 supersymmetry. The results can be summarized as follows:

if one takes as one’s starting point the matter-coupled supergravity Lagrangian in eq.
(5.15) of reference [4], an axionic shift symmetry with Xxxq # 0 satisfying the closure
condition (-4) can be gauged in a way consistent with A" = 1 supersymmetry if

(i)
(i)

(iii)

a GCS term (R.7) with X((S\SE) = ngl\)z is added,

an additional term bilinear in the gaugini, A*(z), and linear in the vector fields is
added:?

1. 5
£oxtra = _ZIA,U,QXQAE)\A757M)\27 (210)

the fermions in the chiral multiplets give rise to quantum anomalies with doay =
Xg(ls/)m. The consistent gauge anomaly, Ay is of the form (R.§). The exact result for
the supersymmetry anomaly can be found in P§ or eq. (5.8) of [2f]. These quantum
anomalies precisely cancel the classical gauge and supersymmetry variation of the
new Lagrangian Loq + Lacs + Lextra, Where Loq denotes the original Lagrangian

of [E4].

8More precisely, the anomalies have a scheme dependence. As reviewed in [E] one can choose a scheme

in which the anomaly is proportional to a symmetric doas;. Choosing a different scheme is equivalent to the

choice of another GCS term (see item (i)). We will always work with a renormalization scheme in which

the quantum anomaly is indeed proportional to the symmetric tensor doas according to (E)

9A superspace expression for the sum Lgcs + Lextra is known only for the case X/(XS%Q =0, i.e., for the

case without quantum anomalies [@]



3. The embedding tensor and the symplectically covariant formalism

In this section, we recapitulate the results of [[l], which describe a symplectically covariant
formulation of (classically) gauge invariant field theories. Correspondingly, we will assume
the absence of quantum anomalies in this section.

3.1 Electric/magnetic duality and the conventional gauging

In the absence of charged fields, a gauge invariant four-dimensional Lagrangian of n Abelian
vector fields A, (A = 1,...,n) only depends on their curls F,,,* = ZO[HA,,}A. Defining the
dual magnetic field strengths

oL

G;/,VA = EMVPUW 9 (31)

the Bianchi identities and field equations read
8[uFup}A =0, (3.2)
0uGupa = 0. (3.3)

The equations of motion (B.J) imply the existence of magnetic gauge potentials, A,
via Gy n = 20),4,)x. These magnetic gauge potentials are related to the electric vector
potentials, ANA, by nonlocal field redefinitions. The electric Abelian field strengths, FWA,
and their magnetic duals, G, A, can be combined into a 2n-plet, F, WM , such that FM =
(FA,Gy). This allows us to write (B-3) and (B) in the following compact way:

O F,M = 0. (3.4)

Apparently, equation (B-4) is invariant under general linear transformations

UAZ ZAE)

Wi Vi (3.5)

FM — p'M — SMy PN | swhere SMy = (

but only for symplectic matrices S™ 5 € Sp(2n,R) a relation of the type (B.1)) is possible.
The admissible rotations SM y thus form the group Sp(2n, R):

sTas =q, (3.6)

with the symplectic metric, 2,7, given by

0 Q= 0 51%
Q = = . .
MN (QAE 0 > ( 5% 0 (3.7)

We define QMY via QMNQnp = —6M p. Note that the components of Q™% should not be
written as Q" etc., as these are different from (B.7).

Starting with a kinetic Lagrangian of the form (B.I)), an electric/magnetic duality
transformation leads to a new Lagrangian, £'(F’), which is of a similar form, but with a
new gauge kinetic function

Nps — NZ\Z} = (VN + W)AQ[(U + Z./\/')_I]QE. (3.8)



The subset of Sp(2n,R) symmetries (of field equations and Bianchi identities) for
which the Lagrangian remains unchanged in the sense that £/'(F/(F)) = L(F) and (B.§) is
implemented by transformations of the fields on which N depends, are invariances of the
action. In a different duality frame, the Lagrangian might have a different set of invariances.

From the spacetime point of view, these are all rigid (“global”) symmetries. Some-
times these global symmetries can be turned into local (“gauge”) symmetries. For the
conventional gaugings one has to restrict to the transformations that leave the Lagrangian
invariant, which implies that Z** in the matrices S™y of (B.H) has to vanish. In the
context of symplectically covariant gaugings [IZ], however, this restriction can be lifted,
and we will come back to these in section B.3. The standard way to perform a gauging of a
symmetry of interest is therefore to first switch to a symplectic duality frame in which the
symmetries of interest act on F, WM = (F, WA, G A) by lower block triangular matrices (i.e.
those with Z = 0) such that they become (as rigid symmetries) invariances of the action.

The gauging requires the introduction of gauge covariant derivatives and field strengths
and can be implemented solely with the electric vector fields AMQ and the corresponding
electric gauge parameters A®. The gaugeable symplectic transformation, S, must be of the
infinitesimal form

SMy =My — ARSM . (3.9)

According to our definition (B.§), these infinitesimal symplectic transformations act on
the field strengths by multiplication with the matrices S\ y from the left. Following
the conventions of [[[2], however, we will use matrices Xq uY to describe the infinitesimal
symplectic action via multiplication from the right:

5F, M = F,,M — F,M = —AYF, " Xon™ ie.  XonM =S8y, (3.10)

For standard electric gaugings, we then have

FA Xo= 0 FE
s~ | = —A% = - e 3.11
(GWA> <XQAE XQ:A> (G;WE> (3:11)

where Xox® = —Xos = fox? are the structure constants of the gauge algebra, and
Xszr = Xyzr) give rise to the axionic shifts mentioned in section J (compare (B.§)
with (2:3) for the particular choice of S given in (B.9)).

The gauging then proceeds in the usual way by introducing covariant derivatives (9, —
AuAéA), where the 5 are the gauge generators in a suitable representation of the matter
fields. One also introduces covariant field strengths and possibly GCS terms as described
in section f. As we assume the absence of quantum anomalies in this section, we have to
require Xzxr) = 0.

3.2 The symplectically covariant gauging

We will now turn to the more general gauging of symmetries. The group that will be
gauged is a subgroup of the rigid symmetry group. What we mean by the rigid symmetry
group is a bit more subtle in /' = 1 supergravity (or theories without supergravity) than in



extended supergravities. This is due to the fact that in extended supergravities the vectors
are supersymmetrically related to scalar fields, and therefore their rigid symmetries are
connected to the symmetries of scalar manifolds.

In N = 1 supersymmetry, the rigid symmetry group, Grigid, is a subset of the product
of the symplectic duality transformations that act on the vector fields and the isometry
group of the scalar manifold of the chiral multiplets: Giigia C Sp(2n,R) x Iso(Mgcalar)-
The relevant isometries are those that respect the Kéhler structure (i.e. generated by holo-
morphic Killing vectors) and that also leave the superpotential invariant (in supergravity,
the superpotential should transform according to the Kéahler transformations). Elements
(g1, g2) of Sp(2n,R) x Iso(Mgealar) that are compatible with (B.§) in the sense that the
symplectic action (B.§) of g; on the matrix A is induced by the isometry go on the scalar
manifold, are rigid (“global”) symmetries provided they also leave the rest of the theory
(deriving from scalar potentials, etc.) invariant [i5]. The rigid symmetry group, Ghrigid, 1s
thus a subgroup of Sp(2n,R) x Iso(Mgcalar).'°

The generators of Gyigiq will be denoted by 6o, a =1, ..., dim(Grigia). These generators
act on the different fields of the theory either via Killing vectors 8, = K, = K’ -2+ defining

aa¢i
infinitesimal isometries on the scalar manifold, or with certain matrix representations,'!

e.g. 6ad' = —¢’(ta);".
On the field strengths FWM = (FWA, Guv ), these rigid symmetries must act by

multiplication with infinitesimal symplectic matrices'? (t)ar”, i.e., we have
(ta) " Qe = 0. (3.12)

In order to gauge a subgroup, Giocal C Ghigids the 2n-dimensional vector space spanned
by the vector fields AuM has to be projected onto the Lie algebra of Gjgcal, which is
formally done with the so-called embedding tensor ©,/% = (0,%,02%). Equivalently,
O completely determines the gauge group Gioea via the decomposition of the gauge
group generators, which we will denote by X, into the generators of the rigid invariance
group Grigid:

Xy = O31%,. (3.13)

The gauge generators Xy, enter the gauge covariant derivatives of matter fields,
Dy =0, — AMXy =0, — A O7, — A 016, (3.14)

where the generators J, are meant to either act as representation matrices on the fermions
or as Killing vectors on the scalar fields, as mentioned above. On the field strengths of
the vector potentials, the generators d, act by multiplication with the matrices (to)n?,

ONote that this may include cases where either the symplectic transformation g; or the isometry go is
trivial. Another special case is when the isometry go is non-trivial, but A/ does not transform under it, as
happens, e.g, when N = il is constant. Ghigid is in general a genuine subgroup of Sp(2n, R) x Iso(Mscalar ),
even in the latter case of constant N.

"The structure constants defined by [6a,ds] = fap?d, lead for the matrices to [ta,ts] = — fas”t.

12These matrices might be trivial, e.g., for Abelian symmetry groups that only act on the scalars (and/or
the fermions) and that do not give rise to axionic shifts of the kinetic matrix MNas.

— 10 —



so that (B.1J) is represented by matrices (Xp7)n! whose elements we denote as Xpn',
see ([.2), and whose antisymmetric part in the lower indices appears in the field strengths

f,wM = 28[“A,,]M + X[NP}MAMNAVP , XNPM = @Na(ta)pM . (315)
The symplectic property (B.12) implies
Xun9pip =0, Xy or@ =o. (3.16)

In the remainder of this paper, the symmetrized contraction X, NOQ p)g Will play an
important role. We therefore give this tensor a special name and denote it by Dysnp:

DMNPEX(MNQQP)Q' (317)

Note that this is really just a definition and no new constraint. Using the definition (B.17),
one can check that

2X(MN)QQRQ + Xrm“QNng = 3Dung,
. 1 3
l1.e. X(MN)P = §QPRXRMQQNQ+ §DMNRQRP. (318)

3.2.1 Constraints on the embedding tensor

The embedding tensor © ;% has to satisfy a number of consistency conditions. Closure of
the gauge algebra and locality require, respectively, the quadratic constraints

closure: fagy@Mo‘@Nﬁ = (ta)NPGMO‘@pv, (3.19)
locality: QYNg ot =0 o  etle,dl =0, (3.20)

where f,57 are the structure constants of the rigid invariance group Gigia, see footnote [[].
Another constraint, besides (B.19) and (B.20), was inferred in [iJ] from supersymmetry
constraints in N’ = 8 supergravity

DMNREX(MNQQR)Q =0. (321)

This constraint eliminates some of the representations of the rigid symmetry group and is
therefore sometimes called the “representation constraint”. As we pointed out in the intro-
duction, one can show that the locality constraint is not independent of (B.19) and (B.21),
apart from specific cases where (t,)"" has a trivial action on the vector fields.

However, we will neither use the locality constraint (8.20)) nor the representation con-
straint (B.2])). We will, instead, need another constraint in section B.2.4, whose meaning
we will discuss in section []. Before coming to that new constraint, we thus only use the
closure constraint (B.19). This constraint reflects the invariance of the embedding tensor
under Gjoea and it implies for the matrices X ;s the relation

[(Xar, Xn] = —Xun' Xp. (3.22)

This clearly shows that the gauge group generators commute into each other with ‘structure
constants’ given by Xy, N}P . However, note that Xj;n* in general also contains a non-
trivial symmetric part, Xy, N)P . The antisymmetry of the left hand side of (§.29) only
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requires that the contraction Xy N)P O p® vanishes, as is also directly visible from (3.19).
Therefore one has

Xum0r*=0 —  Xun'Xpe"=0. (3.23)
Writing (B.22) explicitly gives
XMQPXNPR — XNQPXMPR + XMNPXPQR =0. (3.24)

Antisymmetrizing in [M NQ)], we can split the second factor of each term into the antisym-
metric and symmetric part, Xy vt = X (M N]P + X N)P , and this gives a violation of the
P

a

Jacobi identity for X,n" as

Xy Xior) ™ + Xigu " Xive) ™ + Xivg)” Xpup)™
1

= =3 (X" Xor)™ + Xjou Xovr) " + Xvg" Xup) ) - (3.25)

Other relevant consequences of (B.24) can be obtained by (anti)symmetrizing in M. This
gives, using also (B.23), the two equations

X' Xnp™ = Xng" Xoupy ™ — Xnn" Xigp)t = 0,
XivorP Xnpft — XnoP Xy + XnvuF Xiopft = 0 3.26
[MQ] NP NQ AP +ANM Xigp) = 0. (3.26)

3.2.2 Gauge transformations

The violation of the Jacobi identity (B.25) is the prize one has to pay for the symplectically
covariant treatment in which both electric and magnetic vector potentials appear at the
same time. In order to compensate for this violation and in order to make sure that
the number of propagating degrees of freedom is the same as before, one imposes an
additional gauge invariance in addition to the usual non-Abelian transformation 8uAM +
X PQ]M AHP A@ and extends the gauge transformation of the vector potentials to

5AMM = DMAM - X(NP)MEMNP ) DMAM = 8MAM + XPQMAMPAQ ) (3.27)

where we introduced the covariant derivative DuAM , and new vector-like gauge param-

NP

eters Z,7'", symmetric in the upper indices. The extra terms X PQ)M AMP A® and the

E-transformations contained in (B.27) allow one to gauge away the vector fields that corre-
spond to the directions in which the Jacobi identity is violated, i.e., directions in the kernel
of the embedding tensor (see (B.23)).

It is important to notice that the modified gauge transformations ([3.27) still close on
the gauge fields and thus form a Lie algebra. Indeed, if we split (B.27) into two parts,

sAM =sM)AM +5(2)AM, (3.28)
the commutation relations are

[6(A1), 6(A2)] AM = 6(As) AN +6(23) AN,
[6(A),6(2)] AM = [6(21),6(22)] A =0, (3.29)
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with

5, 7N = APD, ALY — A DAY (3.30)

—_
=)
—

To prove that the terms that are quadratic in the matrices X/ in the left-hand side of (B.29)
follow this rule, one uses (B.26).
Due to (B-23) and (B.27), however, the usual properties of the field strength

Fu™ =20, AM + Xipg)™ AP A9 (3.31)

are changed. In particular, it will no longer fulfill the Bianchi identity, which now must be
replaced by

1
DpFun™ = Xovry Ay Fop” = Xy Xigr” A A AT (3.32)

Furthermore, fNVM does not transform covariantly under a gauge transformation (B.27).
Instead, we have

M M M P
§Fu™ = 2D, 6 A, — 2X pgyM A, 54,9
= XNQM fw,NAQ - 2X(NP)MD[MEV]NP - 2X(pQ)MA[uP5AV]Q , (333)

where the covariant derivative is (both expressions are useful and related by (B.249))

Xwvpy) ' DENT

( M= NP) A RXRQMX(NP)QEVNP7
D,z = 9,5

=9,
A +XQRPAHQHV By XorNALE, PR (3.34)

Therefore, if we want to deform the original Lagrangian (.1]) and accommodate electric and

magnetic gauge fields, ]-'WM cannot be used to construct gauge-covariant kinetic terms.
For this reason, the authors of [[J] introduced tensor fields By, o, later in [If] to be

described by B, MY symmetric in (M N), and with them modified field strengths

Huw™ = Fuu™ + Xvpy) M BN (3.35)
We will consider gauge transformations of the antisymmetric tensors of the form

6B, N = 2D, 2, + 24, N6A,") + AB,NT, (3.36)

p=v

where ABWN P depends on the gauge parameter A, but we do not fix it further at this
point. Together with (B.3J), this then implies'3

SH,w™ = XngMAH,W N + X vy M ABLNT . (3.37)

3Note that F,.,~ in the second line of () can be replaced by H,." due to ()
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3.2.3 The kinetic lagrangian

The first step towards a gauge invariant action is to replace fw,A in Lgx., (R.1), by HWA,
which then yields the new kinetic Lagrangian

1 1
Lox = ZeIAgHWAHWE — gmgemewAHmZ , (3.38)

where again Zpy and Ray denote, respectively, Im Mpy; and Re Myy. Using

oL 1
g/,u/A = €,ul/poW = RAFH;WF + 565;“/,00 Iar HPUF ) (339)

the Lagrangian and its transformations can be written as

1
Eg.k. = _gEHVPO'H//)Vng_Ay
1

6Ly = —ZEWWQWAMQJ
%5“”/”1\@ (HA, Xoas™M5, — 2HA, Xaa"Gpo s — Guw 0 X0 Gpes) + (3.40)
where, in the third line, we used the infinitesimal form of (B.§):
S(MNpy = AM [ — Xaas + 2 Xara"Nayr + Nar X ™= Ngz} . (3.41)
When we introduce
Gu™ = (Guw™, Gun) with Gt =M™, (3.42)

we can rewrite the second line of (B.4(0) in a covariant expression, and when we also
use (B.37) we get

1
0Lgi = | =1 Guwa (ACXp Mo + X(npy* AB, " T)
1
+gg/u/MgpaNAQXQMRQNR . (343)

Clearly, the newly proposed form for L, i in (B.39) is still not gauge invariant. This should
not come as a surprise because (B.41)) contains a constant shift (i.e., the term proportional
to Xarax), which requires the addition of extra terms to the Lagrangian as was reviewed
in section [] for purely electric gaugings. Also the last term on the right hand side of (8.41)
gives extra contributions that are quadratic in the kinetic function. In the next steps we
will see that besides GCS terms, also terms linear and quadratic in the tensor field are
required to restore gauge invariance. We start with the discussion of the latter terms.

3.2.4 Topological terms for the B-field and a new constraint

The second step towards gauge invariance is made by adding topological terms linear and
quadratic in the tensor field BWN P to the gauge kinetic term (B-38), namely

1 1
Liop B = f‘“’pa X(NP)A BN (fpaA +3 X(RS)A BpoRS) . (3.44)
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Note that for pure electric gaugings X(NP)A = 0, as we saw in (B.11). Therefore, in this
case this term vanishes, implying that the tensor fields decouple.

We recall that, up to now, only the closure constraint (B.I9) has been used. We are
now going to impose one new constraint:

Xvey QX (rs)? =0. (3.45)

We will later show that this constraint is implied by the locality constraint (8.20) and the
original representation constraint of [, i.e. (L), but also by the locality constraint and
the modified constraint ([[.4) that we discussed in the introduction. The constraint thus
says that

Xvpy* Xrs)n = XvpnXrs)™- (3.46)

A consequence of this constraint that we will use below follows from the first of (B.1§)

and (B.23):

Xpg)"Dunr =0. (3.47)
The variation of Lip, p is
1
0Ltop,B = 1 e X npy" [Huwn 6Boo™ " + Bpo™ ¥ 6 Fpua | (3.48)
1
= 57X vp) " [Huwn 0Bp0™" + 2B, ™" (Dud A — X(rs)n AJ0AT)] .

3.2.5 Generalized Chern-Simons terms

As in [Z], we introduce a generalized Chern-Simons term of the form (these are the last
two lines in what they called L4, in their equation (4.3))
1 1 1
Lacs = "7 AMAYN <§ Xuna 0,4, + EXMNAapAcrA + —XMNAXPQAApPAch> -

8
(3.49)
Modulo total derivatives one can write its variation as (using (B.24)) antisymmetrized in
[MNQ] and the definition of Dy/yp in (B.17))

1 1
d0Lgos = P [gfuuADﬁAaA - §fuuAX(NP)AApN5AoP
3
~DynpAMSAN <8,,A(,P + §XRSPAPRAUS>] . (3.50)
These variations can be combined with (B.48) to

1 1
0 (Liop,B + Lacs) = P [gHuuADpCSAoAJrZHuuAX(NP)A (0B —24,N54,")

3
—~DunpA,MoAN (apAJP + g)(,;5313,4,,’%40S)} ,

(3.51)
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3.2.6 Variation of the total action

We are now ready to discuss the symmetry variation of the total Lagrangian
Lyt = Lgx. + Liop,B + Lacs (3.52)

built from (B.3§), (B.44) and (B.49). We first check the invariance of (B.5J) with respect
to the E-transformations. We see directly from (B.43) that the gauge-kinetic terms are
invariant. The second line of (B.51) also clearly vanishes inserting (B.27) and using (B.47).
This leaves us with the first line of (B.51]), which, using (B.36) and (B.27), can be written
in a symplectically covariant form:

1 _
5E£VT = —§€“VPUHHVMX(NP)QQMQ'DPEUNP. (3.53)

The B-terms in H, see (B.34), are proportional to X ( RS)M and thus give a vanishing con-
tribution due to our new constraint (B.4J). For the F terms we can perform an integration
by parts'4 and then (B:39) gives again only terms proportional to X ( RS)M leading to the
same conclusion. We therefore find that the =Z-variation of the total action vanishes.

We can thus further restrict to the A gauge transformations. According to (B.33), the
D,0Asa-term in (B-51)) can then be replaced by A9 XngaHyo" (see again footnote [[3J),
which can then be combined with the first term of (B.43) to form a symplectically covariant
expression (the first term on the right hand side of (B.54) below). Adding also the remaining
terms of (B.51]) and (B.43), one obtains, using (B.36),

1 1
0Ly = ehvP? ZguuMAQXNQRQMRHpUN + ég;wMngNAQXQMRQNR
1
+Z(H - g)puAX(NP)AABpUNP
—DynpAMD,AY <apA0P + SXRSPA,,RAUSH .(3.54)

We observe that if the H in the first line was a G, eqgs. (B.16) and (B.1§) would allow one
to write the first line as an expression proportional to Dysxp. This leads to the first line
in (B-59) below. The second observation is that the identity (H — G)* = 0 allows one to
rewrite the second line of (B.54) in a symplectically covariant way, so that, altogether, we

have
Ly = ehvr? iguuMAQXNQRQMR(H —G)polt + ggwMgpoNAQDQMN
_i(H — 0)u M QX (i RAB T
—DuynpAMD,AY <8,,AUP + SXRSPAPRAUSH .(3.55)

By choosing
AB, NP = —ANG,, " — APG, N, (3.56)

Mntegration by parts with the covariant derivatives is allowed as () can be read as the invariance of
the tensor X and (B.1€)) as the invariance of Q.
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the result (B.5) becomes
3
3y =7 | CA@Darg (26 (1 = )™ + GV Gy ™)
~DynpAMD AN (apAUP + ngSPA,,RAJSﬂ ., (3.57)

which is then proportional to Dj;nyp, and hence zero when the original representation
constraint (B.21]) of [iJ] is imposed.

Our goal is to generalize this for theories with quantum anomalies. These anomalies
depend only on the gauge vectors. The field strengths G, (B.39), however, also depend
on the matrix N which itself generically depends on scalar fields. Therefore, we want
to consider modified transformations of the antisymmetric tensors such that G does not
appear in the final result.

To achieve this, we would like to replace (B.5G) by a transformation such that

Xvp) BAB,N = —2X(np) AN G0t + gQRMDMNQAQ(H —G)po. (3.58)
Indeed, inserting this in (B.5) would lead to
SLyr = evro gAQDMNQfWpraN
~DynpAMD AN (apAUP + SXRSPAPRAJSH ., (3.59)

where we have used (B.47) to delete contributions coming from the B, V' term in H,,, M
(cf. (B39)).

The first term on the right hand side of (B.58) would follow from (B.54), but the second
term cannot in general be obtained from assigning transformations to BpJN P (compare
with (B.1§)). Indeed, self-consistency of (B.5§) requires that the second term on the right
hand side be proportional to Xy p)R, which imposes a further constraint on Dy np. We
will see in section how we can nevertheless justify the transformation law (B.5§) by
introducing other antisymmetric tensors. For the moment, we just accept (B.5§) and explore
its consequences.

Expanding (B.59) using (B.15) and (B.29) and using a partial integration, (B.59) can be

rewritten as

Ly = —A[A], (3.60)
where

1
A[A] = —55“"”"APDMNPOHA,,M8PAUN

1 3
—ZE‘HVPUAP <DMNRX[P5}N + §DMNPX[R5}N> 8MA,,MAPRAJS . (3.61)

This expression formally looks like a symplectically covariant generalization of the electric
consistent anomaly (B.§). Notice, however, that at this point this is really only a formal
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analogy, as the tensor Dj;yp has, a priori, no connection with quantum anomalies. We
will study the meaning of this analogy in more detail in the next section. To prove (B.60),
one uses () and the preservation of Dj;np under gauge transformations, which follows
from preservation of X, see (B.24), and of Q, see (B.1(), and reads

Xu" Doryp =0. (3.62)
For the terms quartic in the gauge fields, one needs the following consequence of (B.62):

(Xrs™ Xpo"™ Dryn)irspr = —(Xrs™ Xpu™ Dign + Xrs™ Xpr™ Doun)rsery
= —(Xgs™ XpL™ Doun)(rspr) (3.63)

where the final line uses (B.25) and again (B.47).

Let us summarize the result of our calculation up to the present point. We have
used the action (B.52) and considered its transformations under (8.27) and (B.36), where
AB,,N was undetermined. We used the closure constraint (:19) and one new con-
straint (B.45). We showed that the choice (B.5§) leads to invariance if Dp;nyp van-
ishes, which is the representation constraint (B.2])) used in the anomaly-free case studied

in [fJ). However, when we use instead the more general transformation (B.5§) in the case
Dy np # 0, we obtain the non-vanishing classical variation (B.60). The corresponding
expression (B.6]]) formally looks very similar to a symplectically covariant generalization of
the electric consistent quantum anomaly.

In order to fully justify and understand this result, we are then left with the following
three open issues, which we will discuss in the following section:

(i) The expression (B.61)) for the non-vanishing classical variation of the action has to be
related to quantum anomalies so that gauge invariance can be restored at the level
of the quantum effective action, in analogy to the electric case described in section .
This will be done in section [.1.

(ii) The meaning of the new constraint (B.45) that was used to obtain (B.60)) has to be
clarified. This is subject of section .2

(iii) We have to show how the transformation (B.5§), which also underlies the result (B.60),
can be realized. This will be done in section [.3.

4. Gauge invariance of the effective action with anomalies

4.1 Symplectically covariant anomalies

In section ], we discussed the algebraic constraints that were imposed on the embed-
ding tensor in ref. [iJ and that allowed the construction of a gauge invariant Lagrangian
with electric and magnetic gauge potentials as well as tensor fields. Two of these con-
straints, (B.19) and (B.20), had a very clear physical motivation and ensured the closure

— 18 —



of the gauge algebra and the mutual locality of all interacting fields. The physical ori-
gin of the third constraint, the representation constraint, (B.21), on the other hand, re-
mained a bit obscure. In order to understand its meaning, we specialize it to its purely
electric components,

Xazo) =0. (4.1)

Given that the components X5 generate axionic shift symmetries (remember the first
term on the right hand side of (B.41))), we can identify them with the corresponding symbols
Xaxng in section E, and recognize (@) as the condition for the absence of quantum anoma-
lies for the electric gauge bosons (see (R.9)). It is therefore suggestive to interpret (B.21)) as
the condition for the absence of quantum anomalies for all gauge fields (i.e. for the electric
and the magnetic gauge fields), and one expects that in the presence of quantum anomalies,
this constraint can be relaxed. We will show that the relaxation consists in assuming that
the symmetric tensor Dy yp defined by (B.17) is of the form?!®

Dyvp =dunp, (4.2)

for a symmetric tensor dy;np which describes the quantum gauge anomalies due to anoma-
lous chiral fermions. In fact, one expects quantum anomalies from the loops of these
fermions, ¢, which interact with the gauge fields via minimal couplings

PV (D, — A ONYy — A ©96,)1) . (4.3)

Therefore, the anomalies contain — for each external gauge field (or gauge parameter) —
an embedding tensor, i.e. dysyp has the following particular form:

dynp = On“ON"Op dus, (4.4)

with d,g, being a constant symmetric tensor. In the familiar context of a theory with a
flat scalar manifold, constant fermionic transformation matrices, t,, and the corresponding
minimal couplings, the tensor dy;nyp is simply proportional to

dMNP X @Ma@NB@P'YTr({ta,tg}t-y}, (45)

where the trace is over the representation matrices of the fermions.'6

We showed that the generalization of the consistent anomaly (B.§) in a symplectically
covariant way leads to an expression of the form (B.61) with the Dj;np-tensor replaced by
dyrnvp. Indeed, the constraint (f.J) implies the cancellation of this quantum gauge anomaly
by the classical gauge variation (B.6(). Note that it is necessary for this cancellation that
the anomaly tensor dj;yp is really constant (i.e., independent of the scalar fields). We
expect this constancy to be generally true for the same topological reasons that imply
the constancy of darg in the conventional electric gaugings 7, R§. In this way we have
already addressed the first issue of the end of the previous section. We are now going to
show how the constraint (.3) suffices also to address the other two issues, (ii) and (iii).

5The possibility to impose a relation such as (@) is by no means guaranteed for all types of gauge
groups (see e.g. [@] for a short discussion in the purely electric case studied in @])

10ne might wonder how the magnetic vector fields A,s can give rise to anomalous triangle diagrams,
as they have no propagator due to the lack of a kinetic term. However, it is the amputated diagram with
internal fermion lines that one has to consider.
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4.2 The new constraint

We now comment on the constraint (B.43):
Xovey Qo X(rs)? =0. (4.6)

We will show that this equation holds if the locality constraint is satisfied, and ([L2) is
imposed on Dysnyp with dysyp of the particular form given in (f.4). To clarify this, we

introduce as in [ the ‘zero mode tensor’”
1 ZAa — l@Aa
zMe = —MNg e ie. 2 4.7
3 N, ie Zy% = —1oy0. (4.7)
One then obtains, using (B.1§), the definition of X in (B.15) and ([£4) that
XovpM =ZM*Aanp, (4.8)

for some tensor Aonyp = Aqpny. Due to the fact that we allow the symmetric tensor
Dynp in (B.17) to be non-zero and impose the constraint (f.g), this tensor A,np is not
the analogous quantity called d, sy in [@],18 but can be written as

AaNnp = (ta)NQQpQ — 3dagfy@]vﬁ@p’y. (4.9)
However, the explicit form of this expression will not be relevant. We will only need that
X(NP)M is proportional to ZM<,

Now we will finally use the locality constraint (B.2(), which implies
zMez Bl =0, e, ZMezNBQu N =0. (4.10)

This then leads to the desired result ([.6).

The tensor ZM® can be called zero-mode tensor as e.g. the violation of the usual Jacobi
identity (second line of (B.29)) is proportional to it. We now show that it also defines zero
modes of Dysngr. Indeed, another consequence of the locality constraint is

Xun"aMeey =0 — XuntzMe =0,  Xou"Q9¥Xsy=0. (411

With (B.1§) and (8.23)) this implies

DynrZB =0. (4.12)

Note that we did not need ({.3) to achieve this last result, but that the equation is consistent
with it.

"Note that the components of QMY have signs opposite to those of Qs as given in (@

BWe use Aqarn in this paper to denote the analogue (or better: generalization) of what was called daarn
in [@], because daarn is reserved in the present paper to denote the quantity @Njﬁerdaﬁ-\/ (cf eq. ))
related to the quantum anomalies.
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4.3 New antisymmetric tensors

Finally, in this section we will justify the transformation (B.58), without requiring further
constraints on the D-tensor. That transformation gives an expression for Xy p)RABpJN P
that is not obviously a contraction with the tensor X NP)R (due to the second term on
the right hand side of (B.5§)). We can therefore in general not assign a transformation of
BPUN P such that its contraction with X p)R gives (B.5§). To overcome this problem, we
will have to change the set of independent antisymmetric tensors. The BWM N cannot be
considered as independent fields in order to realize (B.5§). We will, as in [i9], introduce a
new set of independent antisymmetric tensors, denoted by B,,, o, for any o denoting a rigid
Symmetry.

The fields BWN P and their associated gauge parameters 2V appeared in the relevant
formulae in the form X(NP)MBWNP or X(NP)MENP, see e.g. in (B.27), (B.33), (B.39)
and (B.44). With the form (.§) that we now have, this can be written as

XovpyM BNt = ZMAonp BN (4.13)
We will therefore replace the tensors BWM N by new tensors B, o using
AoxMNBuV]V[N - B;,LVOC . (414)

and consider the B,,, , as the independent antisymmetric tensors. There is thus one tensor
for every generator of the rigid symmetry group. The replacement thus implies that

XwvpyV BN = ZMBuya. (4.15)

We also introduce a corresponding set of independent gauge parameters =,,, through the
substitution:

AaunEMY = B (4.16)

This allows us to reformulate all the equations in the previous sections in terms of By, o
and Z,,. For instance we will write:

sAM =D AM — ZMeE, (4.17)

H;WM = f,uuM + ZMQB,uua ) (4'18)
1 uvpo r7Aa 1 B

Etop,B = 15 Z B,uz/a fpo’A + 5 AN Bpaﬁ . (419)

We will show that considering B, » as the independent variables, we are ready to solve
the remaining third issue mentioned at the end of section [J. To this end, we first note that

all the calculations in section ] remain valid when we use ([.15) and ({.17)-(.19) to express

everything in terms of the new variables B,,, and Z,,, because the equations (@)
and (B.47) we used in section B are now simply replaced by ({.10) and ([l.13), respectively.
If we now set, following ([L.9),

dynp = On“danp, danp = dagy,ON"Op7 (4.20)
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then we can define (bearing in mind ([£.§))

5B,uz/a =2 'D[“Ey}a + 2A,, NPA[LLN(sAV}P + ABH,,Q ,
ABuya = —28anpAY Gt + 3danp AN (H — G),0 ", (4.21)

to reproduce (B.5§), where the left-hand side of (B.5§) is replaced according to ({.15). Here
the covariant derivative is defined as

—_ - P
D[u:u}a = 8&,:,,}(1 + faﬁﬁ/@pﬁA[u Sy - (4.22)

Of course, ({.21]) is only fixed modulo terms that vanish upon contraction with the embed-
ding tensor.

4.4 Result

In this section we have seen, so far, that it is possible to relax the representation con-
straint (B.21)) used in ref. [ig] to the more general condition ([£.2) if one allows for quantum
anomalies. The physical interpretation of the original representation constraint (B.21)
of [i7] is thus the absence of quantum anomalies.

Due to these constraints we obtained the equation ([.§), which allowed us to introduce
the By, o as independent variables. All the calculations of section @ are then valid with
the substitutions given in ([L.15) and (.16). We did not impose ([£.§) in section B.Z, and
therefore we could at that stage only work with BWN P However, now we conclude that
we need the B, , as independent fields and will further only consider these antisymmet-
ric tensors.

The results of this section can alternatively be viewed as a covariantization of the
results of [[[§, with respect to electric/magnetic duality transformations.'® To further
check the consistency of our results, we will in the next section reduce our treatment to a

(3

purely electric gauging and show that the results of [RG] can be reproduced.

4.5 Purely electric gaugings

Let us first explicitly write down Dysnyp in its electric and magnetic components:

Dasr = Xasr)
3D%sr = Xhsor — 2X ()",
3DAZF — _XFAZ + 2X(AE)F,
DART — _ x(AXD) (4.23)

In the case of a purely electric gauging, the only non-vanishing components of the
embedding tensor are electric:
Op = (04, 0) . (4.24)

19We have not discussed the complete embedding into ' = 1 supersymmetry here, which would include
all fermionic terms as well as the supersymmetry transformations of all the fields. This is beyond the scope
of the present paper.
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Therefore also X* x* = 0 and (f£4) implies that the only non-zero components of Dynp =
dynp are Daxg. Therefore, () reduce to

Dpsa = X(azq) Xma)t =0, XM =0. (4.25)

The non-vanishing entries of the gauge generators are Xaxr and Xy = — X5t =
X [EQ}A, the latter satisfying the Jacobi identities since the right hand side of (B.2) for
MNQR all electric indices vanishes. The X[EQ}A can be identified with the structure
constants of the gauge group that were introduced e.g. in (B-J). The Xaxq correspond to
the shifts in (R.2). The first relation in ([.25) then corresponds to (2.9).

The locality constraint is trivially satisfied and the closure relation reduces to (P4)
as expected.

At the level of the action Ly, all tensor fields drop out since, when we express ev-
erything in terms of the new tensors B, o, these tensors always appear contracted with a
factor @A = (. In particular, the topological terms Liop,p vanish and the modified field
strengths for the electric vector fields H“,,A reduce to ordinary field strengths:

H“VA = 28[uAV}A + X[QE]AAuQAVE . (4.26)

Also the GCS terms (B.49) reduce to their purely electric form (R.7) with Xf(g\sz) = ng{)z

Finally, the gauge variation of Ly  reduces to minus the ordinary consistent gauge anomaly,
as we presented it in ([2.§).

This concludes our reinvestigation of the electric gauging with axionic shift symmetries,
GCS terms and quantum anomalies as it follows from our more general symplectically
covariant treatment. We showed that the more general theory reduces consistently to the
known case of a purely electric gauging.

4.6 On-shell covariance of QWM

For completeness, we will show in this section that QWM (as defined in (B.39) and (B.42)) is
the object that transforms covariantly on-shell, rather than HH,,M . We consider the total

action (B.53), where now Lo, g is given by (f.19), and in Lg , the expression ({.1§) is
used. We write the general variation of this action under generic variations 5A“M , 0By a
of A“M , By o. The variation of L, i has a contribution only from HA, since the matrix N/
is inert under variations of A“M and By, o, and thus will be given by the first term in the
expression of 4L i in () Summing this variation with the variation of the topological

terms (B.51) we find:
1
Ly = er? §guuMDp5AaNQMN

1
+5 (Hywn = Gun) (Z2*6Byy o — 2X (np) " A,V 5 AT

3
—DMNPA“MéAVN <8PA0P + gXRSPApRAUS>:| . (4.27)

This allows us to determine the equations of motion for the independent tensor fields B, o:

0Ly
0B a

1
~0 & (H=G)uaZ = 5 (H = Dwa et~ 0, (4.28)
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which tells us that the equations of motion imply?" that just some Huwa are identified
on-shell with the corresponding G,,». More precisely, these are the tensors H,, n that
are singled out by the contraction with ©A%; they thus correspond to those magnetic
vectors A,a that enter the action. From (|.2§), together with the constraint (f.3) and the
particular form (f.4) for dy/np, we also see that

(H;WP - g,uup) Dpyn = 0. (429)

The properties ([£29) and ([£.29) will be used next to prove that the tensor which is actually
on-shell covariant under gauge-induced duality transformations is QWM and not HWM .

Given the complete gauge variation for the antisymmetric tensor fields (4.21)), we
can write down the explicit gauge transformation properties of HWM and QWM , which
generalize those found in [, Bf] for Dysnp = 0:

HWM = —A9 Xop™M M, T+ AQ (2 Xop™+ g QMN DNPQ> (M =G,
0Gu" = —A? Xop™ G " + A° Xpo™ (Hy” = Gu")
6Gwn = —A° XopaGu” + % €wpo Ias AC Xpg® (HPPP — grob)y
+RAx AC Xpo® (Hu” — G b)), (4.30)
where we have used the following short-hand notation:
XpoM = Xpo™ + ; OMN Dnpg . (4.31)

The first line of ([:30) follows from (B:37) and (B-5§). The second transformation is a
component of the first one since QWA = HWA, and for the transformation of G,, A we

use (B.A41).

From (f£2§) and (f:29) we see that, on-shell, the terms containing (H,,” —G,.. ") XpoM
vanish. Therefore we conclude that, as opposed to HWM , the tensor QWM is on-shell gauge
covariant and the gauge algebra closes on it modulo field equations. Consistency of course
requires that field equations transform into field equations, and indeed it can be shown
that:

S(Huwn — Guwn) = A9 (XPQA + Rax XPQE> (H” = Gu")

1 N
+§ Euvpo ZAZ AQ XPQE (HPUP - gpgp) . (432)

5. A simple nontrivial example

Let us now briefly illustrate the above results by means of a simple example. We consider
a theory with a rigid symmetry group embedded in the electric/magnetic duality group
Sp(2,R). The embedding in the symplectic transformations is given by

10 00 01
1M <0_1)7 2M <10> ’ 3M (0()) ) ( )

20Tdentifications on shell are indicated by ~.
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i.e. to' = 1. Let us consider the following subset of duality transformations:

0 0
SMy =My — APXpyM | with generators Xpy¥ = 1 , (5.2)
Xp— 0
where A” is the rigid transformation parameter. The tensor X is related to the embedding
of the symmetries in the symplectic algebra using the embedding tensor,

3
Xpu = Z Op®tan™ . (5.3)
a=1

We have thus chosen the embedding tensor
Opl =0, ©p*=Xp't, ©p*=0. (5.4)

We now want to promote SMy to be a gauge transformation, i.e., we take the
AN = AN(z) spacetime dependent and the Xpy/" are the gauge generators. This ob-
viously corresponds to a magnetic gauging, as ({1.2§) is violated, and therefore requires
the formalism that was developed in [i3] and reviewed in section B.J. The locality con-
straint (B.2(]) is automatically satisfied, as only the index value o = 2 appears, and closure
of the gauge algebra spanned by the Xpa/™V requires that we impose (B.19), where only
the right-hand side is non-trivial. It requires ©;2? = 0, and thus the only gauge generators
that are consistent with this constraint are

, 0 0
Xpu™ = (X, X'Y), with Xy =0, X'yY = <X111 O> ' o

Note that this choice still violates the original linear representation constraint (B.21),
as (f.23) gives D' = — X111 £ 0. However, as we saw in section f], this does not prevent
us from performing the gauging with generators Xpy~V given in (5.5). We introduce a
vector AuM which contains an electric and a magnetic part, Aul and A,;. Note that only
the magnetic vector couples to matter via covariant derivatives since the embedding tensor
projects out the electric part. In what follows, we also assume the presence of anomalous
couplings between the magnetic vector and chiral fermions. As we will now review, this
justifies the nonzero X! #£ 0, since it will give rise to anomaly cancellation terms in the
classical gauge variation of the action. More precisely, we will have to require that

o2 — xlt. I (5.6)

where we introduced d~222 as the component of d,g..
To show this, we first introduce a kinetic term for the electric vector fields:

1 1
Lo =7el Hyu HH T — 3R PP H L  H ot (5.7)
where we introduced the modified field strength ({.1§)

1
Huw' = 20,A," + §XlllBW2, (5.8)
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which depends on a tensor field B,,,» and therefore transforms covariantly under

1 -
514;1,1 — 8;1,1\1 + XlllA/JlAl _ §X111:‘“2’
5BHV2 = ZO[MEVD 4+ 4A[M18V]A1 — 6/\18[”14,,]1 - Alg,uul )
514;1,1 — 8;,,1\1 X (59)

This follows from () since the only nonzero component of Agysn is Ayt = 2 and for
dorry we have only do'' = —1. One can check that

1
5pr1 = _§X111A1(H + g)/,l,l/l ) with
Huyl - f“yl — 28[#‘/41/}17

1
Guw1 = RMHuw' + §ezau,,,,(,Hf"’1 . (5.10)

Under gauge variations, the real and imaginary part of the kinetic function transform as

follows (cf. (B.41))):
6T =2M X"MRT,  R=MX"(R*-T%). (5.11)
Then it’s a short calculation to show that
6Ly = %ﬂ“ﬁf’Alxmnga,,Agl : (5.12)

This is consistent with (B.43).
In a second step, we add the topological term ({..19)

1
ﬁtop,B = ZEMVPUXlllBMVQO[pAO-] 1- (513)
The gauge variation of this term is equal to (up to a total derivative)
1
0Liopn = =3 M X M7 (0,4,1) (20p A0 1 + Gpo1) - (5.14)

The generalized Chern-Simons term (B.49) vanishes in this case. Combining (p.19)
and (p.14), one derives

1
4 (‘Cg.k. + Etop,B) = _§A1X111 (auAul) (apAcr 1) ghvpo (515)
This cancels the magnetic gauge anomaly whose form can be derived from (B.61)),
1
A[A] = _§5quUA1d1H (au,Au 1) (apAcr 1) ) (516)

if we remember that X' = —DM = —g'1 Note that the electric gauge fields do not
appear which corresponds to the fact that the electric gauge fields do not couple to the
chiral fermions.

A simple fermionic spectrum that could yield such an anomaly (p.16) is given by,
e.g., three chiral fermions with canonical kinetic terms and quantum numbers @ =
(=1),(=1),(4+2) under the U(1) gauged by A,;. Indeed, with this spectrum, we would
have Tr(Q) = 0, i.e., vanishing gravitational anomaly, but a cubic Abelian gauge anomaly
d" o Tr(Q3) = +6.
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6. Conclusions

In this paper we have shown how general gauge theories with axionic shift symmetries, gen-
eralized Chern-Simons terms and quantum anomalies [Pf] can be formulated in a way that
is covariant with respect to electric/magnetic duality transformations. This generalizes
previous work of [, in which only classically gauge invariant theories with anomaly-free
fermionic spectra were considered. Whereas the work [IJ) was modelling extended (and
hence automatically anomaly-free) gauged supergravity theories, our results here can be
applied to general N’ = 1 gauged supergravity theories with possibly anomalous fermionic
spectra. Such anomalous fermionic spectra are a natural feature of many string compactifi-
cations, notably of intersecting brane models in type II orientifold compactifications, where
also GCS terms frequently occur [I§]. Especially in combination with background fluxes,
such compactifications may naturally lead to 4D actions with tensor fields and gaugings
in unusual duality frames. Our formulation accommodates all these non-standard formu-
lations, just as ref. [iJ] does in the anomaly-free case.

At a technical level, our results were obtained by relaxing the so-called representation
constraint to allow for a symmetric three-tensor dj;np that parameterizes the quantum
anomaly. In contrast to the other constraints for the embedding tensor, this modified
representation constraint is not homogeneous in the embedding tensor, which is a novel
feature in this formalism. Also our treatment gave an interpretation for the physical
meaning of the “representation” constraint: In its original form used in [, it simply
states the absence of quantum anomalies. It is interesting, but in retrospect not surprising,
that the extended supergravity theories from which the original constraint has been derived
in [2], need this constraint for their internal classical consistency.

It would be interesting to embed our results in a manifestly supersymmetric framework.
Likewise, it would be interesting to study explicit N' = 1 string compactifications within
the framework used in this paper, making use of manifest duality invariances. Another
topic we have not touched upon are Kéahler anomalies [@f@] in V' = 1 supergravity or
gravitational anomalies. We hope to return to some of these questions in the future.
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